A toolbox for the quantum simulation of attractive and repulsive polarons in ultracold atoms is presented. Motivated by impressing experimental advances in the area of ultracold atomic mixtures, we theoretically study the problem of ultracold atomic impurities immersed in a Bose-Einstein condensate (BEC). The impurity-BEC interaction gives rise to the formation of polarons whose interaction can be effectively tuned using an external laser in a quasi-resonant Raman scheme. Our scheme allows one to change the effective interactions between polarons from positive to negative. This is achieved by simply changing the intensity and the frequency of the two lasers. Such arrangement opens new avenues for the study of strongly correlated condensed matter models in ultracold gases.
INTRODUCTION
Ultracold atomic gases are one of the most advanced experimental and theoretical platform for quantum simulations [1]: they allow the simulation of continuous systems in a trap or discrete models on a lattice [2, 3] , they can have short contact or long range dipolar interactions, different dimensionalities and even impurities and disorder [4] . Such flexibility enables the implementation of models of condensed matter physics, high energy physics, quantum biology and chemistry [5] [6] [7] [8] [9] . Perhaps even more importantly they allow for the simulation of quantum system with features or in range of parameters which go beyond standard models of condensed matter physics. A paradigmatic examples is provided by polarons, which arises in condensed matter when charge or density carriers interact with a phonon lattice, the standard example being electrons moving in metals. Although bosonic carriers are unusual in solid state systems, ultracold bosonic atoms in optical lattices are the perfect platform for studying bosonic polarons. Triggered by experimental advances in cold atomic mixtures and impurities immersed in Bose-Einstein condensates (BEC) [10] [11] [12] [13] , many theoretical works have analysed interesting problems in this context. These include the study of effective polaron-polaron interactions [14] [15] [16] [17] [18] , clustering and transport of polarons [19] [20] [21] , self-trapping of impurities [22] , multi-polaron problems [23] [24] [25] , probing BEC with impurities [26] [27] [28] [29] , BEC-generated entanglement of impurities [30] , non-Markovian environments [31] . Attractive and repulsive fermionic polarons has been recently observed [32, 33] .
Motivated by these studies, we here introduce a bosonic polaron toolbox that allows one to vary the interaction strength from positive to negative between two or more polarons. The system consists of impurity atoms immersed in a two component BEC. A tuneable effective interaction between the impurities arises when the two internal levels of the condensed atoms are coupled by a two laser Raman transition. We calculate the deformation of the two-component BEC induced by the presence of the impurities. We then introduce the Raman coupling and calculate the effective interaction potential between two polarons and show how it can be tuned from attractive to repulsive. Our scheme appear to be within the actual experiment feasibility using single atom addressing techniques [34] [35] [36] and a species-selective dipole potential [13] in a two photons Raman coupling scheme [37] .
Besides having interest of its own, our study of bosonic polarons in a two-component BEC can have applications in mesoscopic transport of density linking it with open challenges in quantum thermodynamics and quantum information processing.
EFFECTIVE DEFORMATIONS INDUCED BY IMPURITY ATOMS.
The system, shown in Fig. 1 , consists of single impurity atoms interacting with a two component BEC.
The latter, trapped in a potential shallow enough to assume a uniform free condensate density, consists of a single atomic species with two hyperfine levels. All the atoms in the system weakly interact with each other via a repulsive contact pseudopotential as modelled in Eq. (A1) of the Appendix. We also include an external laser coupling term between the two BECs hyperfine levels |a and |b , Fig. 6 in the Appendix, as an effective Raman coupling schemeĤ Ram , shown in Eq. (A7), following [38] [39] [40] [41] . The system is described by the Hamiltonian isĤ=Ĥ a +Ĥ b +Ĥ ab +Ĥ Ram , where a and b label respectively the impurity and the BEC atoms.
Let us start by considering static impurities trapped, in the tight binding limit, in an optical lattice potential deep enough to have negligible hopping between neighbouring sites. The presence of an impurity atom creates a spatial deformation of the order parameters of the condensates giving rise to a static polaron. The structure of such polaron is characterised using a mean field approach (details are shown in the Appendix) substituting the BEC's field operatorsψ i (r) with the corresponding order parameters ψ i (r). These in turn will be expressed as the sum of an unperturbed uniform ψ 0i (r) term plus a linear correction term θ i (r) which describes the BEC deformation induced by the impurities [16, 20] . This allows us to obtain the Gross-Pitaevskii equation for the order parameters in the presence of impurities. We indicate respectively with g i j the collisional coupling constants between impurity atoms and condensates and between atoms of the two condensates. Using a standard approach let us first neglect the presence of the impurity atoms g (ab)
i =0 (and therefore θ i (r)=0). For a uniform condensate ψ 0i (r)= √ n 0i e iq i ·r [42] , the stationary condition δH GP /δψ * 0i =0 leads to the following chemical potential
, where Ω is the Raman coupling strength defined in Eq. (A5). The next step is then to take into account the presence of the impurity and to impose the stationary condition δH GP /δθ i =0. Assuming θ i (r) to be real, this leads to the following coupled differential equations
where M≡ M i j , (i, j=A, B) and ρ(r) is the average density of impurities. We find
Note that the off diagonal terms M i j are due to the coupling between hyperfine impurity sub levels g (b)
i j .
POLARONS WITHOUT RAMAN COUPLING
In the absence of Raman coupling (Ω=0) the system (1) can be decoupled by expressing the deformations θ i in terms of new effective deformations θ i , defined in Eq. (A3). These are described by two separate modified Helmholtz equations whose solutions can be expressed in terms of Green functions as
where the explicit form of the constants K ± is given in Eq. (A5). Hereafter we assume both the optical lattice and the two component BEC to be one dimensional. In this case the Green function is [43] and, assuming equal densities for the hyperfine BEC levels (i.e. n 0A =n 0B =n/2) the effective healing lengths take the form
For an impurity trapped in an effective one dimensional deep lattice ρ(x) is a gaussian function and (3) can be analytically integrated. The analytical expressions of the effective deformations are
Hereafter, to obtain quantitative results, we consider a mixture of two hyperfine states of 87 Rb with equal density n 0i =3 µm −1 , interacting with impurity atoms of 41 K, trapped in a deep one dimensional optical potential. Such system has been realised in [13] for a single BEC. The lattice spacing is 532 nm, as in [36] . For the impurities we assume gaussian Wannier wavefunctions ρ(
whose width σ can be tuned varying the depth of the optical potential [20] . In the following σ=200 nm, shorter than the lattice spacing (to avoid direct interaction between two impurities placed in neighbouring sites), that is obtained with a longitudinal trapping frequency of ω L /2π 18kHz. The coupling constants of the two component BECs are assumed to be g
AB 1.99×10 −37 J m. These values are obtained scaling the 3D scattering lengths [44, 45] to the 1D case following [46] and using the transverse trapping frequency (ω ⊥ /2π 34kHz) as in [13] to ensure the one-dimensional condition n 0i g (b) i j ω ⊥ [47] . Finally the coupling constants between impurity atoms and BECs are assumed to be both equal to g
AA in agreement with values in [13, 48] . Let us stress that as can be seen from (4), the effective deformation widths d i =1/η i do not depends on the impurities but only on BECs' physical parameters. The deformations' depth are proportional to K i in Eq. (A5), and depend on the coupling constants of the impurity atoms. This means that the depth of the effective deformations can be controlled for example by using Feshbach resonances on impurity atoms (as in [13] ).
Once we have the explicit expressions for the effective condensate deformations we can evaluate the interaction energy between impurities and the system of BECs, using Eq. (A2). The ground state energy can be written as the sum of the energy of the system of two BECs interacting with impurity atoms plus an additional term due to the interaction of 
Here χ m (x) are Wannier functions of the optical lattice, which shows clearly how the correction to the ground state energy is due to an effective interaction between the impurities mediated by the condensates' deformations. The expressions for coefficients A 0 and B i are explicitly shown in Eq. (A6).
We obtain explicit analytic expressions in a deep 1D optical potential with gaussian Wannier functions. In the case of a single impurity atom fixed in the origin of the coordinate system we find
Since A 0 is the ground state energy with no deformations, E GP −A 0 represents the interaction energy between the impurity and the effective deformations, that is the binding energy of the polaron. In the same way one obtains the ground state energy for two impurities, fixed in x 1 and x 2 respectively,t as a function of their relative distance d=|x 1 −x 2 |. When d is infinity the ground state energy is 2E one GP , as one expects for two non interacting impurities. The variation ∆E(d) with respect to such value at finite distance is due to an effective interaction between the two impurities, which turns out to be
As it is clear in Fig. 2 , such effective interaction is attractive.
POLARONS IN PRESENCE OF RAMAN COUPLING
A much richer physics appears when one introduces a Raman coupling between the two hyperfine levels |a and |b , Fig. 6 in the Appendix, as a Raman coupling in Eq. (A7). A first clear effect of this is to induce a modification of the depths and the widths of the effective deformations. The widths (d i =1/η i ), where η i are the effective healing lengths in (4), become
which show a clear dependence on the Rabi coupling strength Ω. For Ω→0 we obtain the same result as in (4) while for strong coupling Ω |g i j n| we find
This means that above a threshold value Ω lim of the laser Rabi frequency the width of one effective deformation tends to a constant value while the width of other one goes to zero. The threshold value does not depend on the impurity atoms parameters and is equal to
In our system we obtain Ω lim /2π 923Hz. In Fig. 3(a) we show how the effective deformations' widths d i =1/η i (Ω) change as function of the Rabi frequency of the laser, formula (7). We find the effect of the Raman coupling on BEC deformations by solving system (1) with coefficients (2) as before, for Ω 0. For two BECs with the same density n 0i =n/2 in the 1D case the effective deformations become
where the F σ,η i (x) and the constants K las i are given explicitly in Eq. (A4-A9), and they depend both on impurity and BECs. We show in Fig. 3(b) how the effective deformations depths change due to the laser coupling term. We find that for coupling values close to Ω lim one of the two effective deformation increases its depth, while the other one decreases.
The energy of the ground state of the system is obtained with the same technique discussed above. For a single impurity immersed in a deep 1D optical lattice we find where η i ≡η i (Ω) (see Eq. (7)). In Fig. 4 we plot the ground energy for a system of a single impurity atom as a function of the laser coupling, normalised for the value in absence of field. The Raman coupling clearly induces a change in the effective deformations that results in an increase of the energy near the threshold value of the field. For a system of two impurities the ground state energy as function of their relative distance is
where ∆E(d, Ω) is obtained from the (6) with the substitution η i →η i (Ω) defined in formula (7) while the term Q σ,η A (Ω),η B (Ω) (d) represents the direct coupling of the condensates' deformations due to the laser. This latter term, whose explicit form is shown in Eq. (A11-A13), turns out to be negligible compared to ∆E(d, Ω). In Fig. 5 we plot the ground state energy for two impurities as function of their relative distance and of the Raman coupling Ω, formula (11) . For values of Raman coupling Ω<Ω lim the energy is a decreasing function of the distance between the impurities. On the other hand for Ω Ω lim the energy is an increasing function of the the distance between the impurities. Therefore by a suitable choice of the Raman coupling i.e. of the external laser field intensity, one can tune the polaron effective interaction potential from attractive to repulsive. Such crossover between attractive polarons to repulsive polarons is due to an increase of the density of one of the effective deformations near the position of the impurity atoms as it can be seen in Fig. 3(b) . In other words the increase of the BECs' density repels the other impurity atom and results in a repulsive interaction between the two polarons.
FIG. 5. Ground state energy for a system of two impurity atoms as function of their relative distance and the Raman laser coupling. The Rabi frequency Ω is scaled for the threshold value Ω lim .
CONCLUSIONS
We have analysed the properties polarons which originate from the interaction of an atomic impurity with a two component BEC. We have shown how, by a suitable Raman coupling between the hyperfine levels of the BEC, one can tune the effective potential which describes the polaron -polaron interaction. In particular not only the Raman coupling can strongly enhance the strength of such potential but, more remarkably, can turn it from attractive to repulsive. This, to the best of our knowledge, is one example of tuneable Casimir-like interaction between impurities [49] . Compared to other works, where casimir-like forces are found using the Luttinger-liquid model [50] , the interaction between impurities is tuned using the laser Raman coupling rather than the Feshbach resonances. Our proposal is well within the current experimental achievements and our results are obtained using realistic experimental values. Our study triggers new exciting questions in the many-body dynamics and thermodynamics of ultracold atomic mixtures, including issues of thermalisation, dissipative preparation of strongly-correlated states and the observation of new exotic phases in systems of many polarons.
Mean-Field Description Without Raman Coupling
The system Hamiltonian isĤ=Ĥ a +Ĥ b +Ĥ ab where a and b label respectively the impurity and the BEC atoms and wherê
Hereχ(r) and ψ † i (r) are respectively the impurity field operator and the BEC field operators, with i=A, B labelling the two BEC component and g i . In an optical potential, once the impurity field operator is expressed in terms of Wannier functions χ i (r) centred around the lattice site i asχ(r)= i χ i (r)â i , the impurities' HamiltonianĤ a is described by a Bose-Hubbard model [2] . For a deep lattice potential impurities are described by the average density ρ(r)= χ † (r)χ † (r) = i n i |χ i (r)| 2 , where n i is the average number of impurities in site i [16, 20] . A static polaron system is obtained for a deep optical potential in which the hopping dynamics is suppressed [16, 20] . A mean field description of the two component BEC is formally obtained substituting the field operatorψ i (r) with the unperturbed order parameters plus a linear correction due to interaction with impuritieŝ ψ i (r)→ψ 0i (r)+θ i (r) [16, 20] . For real ψ 0i (r) ed θ i (r) we find
where
. For a shallow trap U(r)=0 and the unperturbed BEC wave functions ψ 0i (r) are constant and real [42] . Hence using the stationary condition δH GP /δθ 0i =0 we obtain a coupled differential equation system Eq. (3) in the main text for the deformations θ i (r). Defining S the transformation matrix that diagonalises M in Eq. (3) of the main text we obtain a decoupled system of two modified Helmoltz equations in the base of effective deformations
The explicit expressions for the effective deformations in a one dimensional two component BEC with no Raman coupling areθ i (x)=K ± F σ,η i (x) where . The ground state energy of a system of impurities interacting with the two component BEC is obtained using (A3) in (A2). In particular, taking into account only terms containing ρ(r), for BECs with the same density, n 0i =n/2 we obtain the following value for the coefficients A 0 and B i A 0 = n 2 g (ab)
A +g
Here we define k A ≡k − and k B ≡k + , whereas we introduce the constants k ± ≡ g .
Mean-Field Description With Raman Term
We introduce an external coupling term between the two BECs hyperfine level in |a and |b the form of Raman coupling as shown in Fig. 6 . Here ω i and Ω i are respectively the FIG. 6 . Raman coupling in a Λ system: three hyperfine levels of 87 Rb are coupled by two laser fields with frequency ω 1 , ω 2 and Rabi frequency Ω 1 and Ω 2 . Here ∆ represents the common detuning with the state |e , while ∆ HF is the energy difference between the hyperfine levels |a e |b . laser frequency and the Rabi frequency. For a large enough detuning ∆ the hamiltonian can be cast in the following mean field effective hamiltonian by adiabatically eliminating the excited level |e [38] [39] [40] . When ω 2 =ω 1 the two BECs' population remain constant over time [40, 41] , and defining the Raman coupling strength Ω≡4Ω 1 Ω 2 /∆ we havê
